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1. Functional thinking

The concept of functionis a "leading concept” in mathematics teading. It is
taught in secondary schodsin aspiral approach in which students siccessvely
read different levels of understanding (VOLLRATH 1984. These levels are
charaderized by abiliti es, for example that the student is able to redizein a
situation that a quantity y depends uponanother quantity x; or more spedficd-
ly, the student knows that from an enlargement of x an enlargement of y will

result. Such knowledge lealsto assumptions when anew situationisinvestiga-
ted by the student. Once an olservation dff ersfromwhat is expeded, leaning
can take place a new assumption is made in order to explain the unexpeded
result.

To lean abou functions and to be successul in using functions to solve pro-
blems requires a mental ahility which can be dharaderized as foll ows:

0 Dependences between variables can be stated, pcstulated, produced,
and reproduced.

(ii) Asamptions abou the dependence can be made, can betested, andiif
necessary can be revised.

Themental adivitiesdescribed in (i) are fundamental for working onfunctions
(FREUDENTHAL 1983. The adivities in (ii) are typicd for "mathematica
thinking" (BURTON 1984). This ability can be cdl ed functional thinking which
has been a key concept in mathematics education sincethe Meran Conference
in 1905(GuTzZMER 1908. Many suggestions have been made by mathematics
educaorsin Europeto promotefunctional thinking andthereis some knowled-
geabou the dficiency of these methods (e.g. ANDELFINGER 1981, HART 1981
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Knowledge abou the development of functional thinking can be gained by
psychdogicd studies. From PIAGET'sinvestigations it is known that the aility
to dscover the propartionality of afunction developsin children (1958, 1968
He presented, for example, physicd experiments and asked for the exad solu-
tions of missng value problems which had to be found ty cdculation, and
identified stages leading to "propartiona reasoning”. (Several studies attemp-
ted to fill gapsin the Piagetian model e.g. CASE 1979 Ricco 1982 SIEGLER
1976.For reseach on popartional reasoning we refer the reader to TOURNIAI-
RE and PULOS 1985. These stages can be interpreted as gages of functiond
thinking. They can be defined by abiliti es and by limitations, such as:

The dild knows that from an enlargement of x an enlargement of y will
result. But the child is not able to discover that a douling of x leadsto a
douHing of .

These abiliti esand deficits become goparent in problem situationsin which the
student is asked to predict or to precdculate aresult.

Refering to FREUDENTHAL (1983 propartional reasoning has anumber asped
(ratio) and a function asped (propartionality). The function asped underlies
the"building-up” strategies (HART 1981) which are frequently observed during
childhoodand adolescence (HART 1981, Ricco 1982. Changing strategiesin
an experiment can be understoodas aresult of changing assumptions about the
dependence between the relevant quantiti es. When amisdng value problemis
presented in aphysica experiment with an underlying quadratic function, many
children assume propartionality, for example, and have difficulty overcoming
this assumption (SUAREZ 1977). To be successul in such problemsit isthere-
foreimportant to discover properties "beyond popartionality".

The influence of teading methods on the aility to form assumptions abou
functions, used in physics instruction was investigated by HAUSS ER (1981).
Experienced studentstypicdly start with the assumption d propartiondlity, bu
they also have arepertoire of further properties of functionswhich they can use
for testing assumptions. Reseach onfunctional thinking shoud be amed at
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yielding more information abou the development of such a repertoire. In-
experienced children tend to use "fallbadk" strategies when confronted with a
new situation (KARPLUS et al. 1983). There seans to be ahierarchy between
the properties in the repertoire, which depends on the problems presented.

Most of the problemsin these investigations had to be solved exadly by cdcu-
lations. But there ae many problems in mathematics instruction where solu-
tions haveto befound ty approximation; e.g. caculating the zrosof y=x% — 2
by iteration, a approximating theratio of the drcumferenceto the diameter of
acircle. Thereis a growing interest in such algorithms because of the increa
sing importance of the computer. They can be understood as goal-seeking
processes, and the methods used are cal ed search strategies.

Convergent search strategies very often result from properties of an underlying
function. In these caes ach strategies can be based onassumptions abou
the function. The main property used in seach strategies for this type of pro-
blems is the monotonic property. Refering to FREUDENTHAL (1983 "aiming
and hitting" isafundamental sourceof the ancept of function, whichis close-
ly conneded with monaonicity.

Using the monaonic property in a PIAGETian experiment is an inappropriate
strategy which hasto be overcome. Therefore this property has not been found
to be of much interest in the research on popartiona reasoning. But for an
"aiming and htting" problem the monaonic property can be the basis for a
succesdul strategy. An experiment with a goal-seeking problem can therefore
provide knowledge éou the discovery of the monaonic property as being a
useful assumption for problem solving. Obviously a study of children's beha
viour in such aproblem situation can be a ontributionto the knowledge dou
the development of functional thinking.

Two questions arise from these considerations:

0] What information abou functional thinking can be gained from se-
arch strategies?
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(i) Isit passble to identify stages of development leading towards the
recognition and wse of the monaonic property?

Wetried to answer these questionsin an investigation carried ou from 1982to
1984 .K. KRAUSE, astudent in mathematics educaionat Wirzburg University,
asdsted me & experimenter.

2. Procedure

We wanted to work with children and young people. Therefore we decided on
an experiment in which they could lean by doing. On the other hand we wan-
ted to avoid an experiment which is used in physicsinstruction. So we built a
wooden track (Figure 1), onwhich asted ball could roll downina channel and
would be brought to rest by friction.

Fig. 1.

The subjeds were 60 children aged from 4 to 15yeas drawn from kindergar-
ten, from youth-groups, and children using our play grounds, in the Wiirzburg
area

The dildren were told that they were to test anew toy. Their task was to find
the point on the tradck at which the sted ball had to be placed so that it would
roll asfar asthe marked pdnt (Z) after being released. The cildren weretold
that they were dlowed 20trials, bu that they had to find the mrred starting
point in asfew trials as possble.

The result of eadch trial was marked ona strip, which was glued to the side of
the tradk and could na be seen by the dhild. One such strip was used for eah
subjed. The dildren could mark their starting pants with a pencil if they



wished.

Before the beginning of the experiment we thedked that the ball always sop-
ped at the same placewhen it was garted at the same point several times. The
gradient of the tradk was not changed during the experiment.

The subjeds were tested singly, and they did na get any further instruction.
Only after the experiment were they given an oppatunity to play with the
track.

3. Results

The strips yielded a sequence of numbered marks for ead subjed. We measu-
red the distance from the goal for ead mark. When the ball rolled too far the
result was recorded as positive, otherwise it was negative. The results could
then be studied by diagrams which reveded eat subjed's drategy.

We present here sometypicd cases, to show diff erent abiliti es of mastering the
problem and various drategies.

(1) Ert. (6yeas)

This boy always put the bdl at thetop d the trad. It then rolled off the end d
the tradk. Hints to the dild that he @muld pacethe ball elsewhere did na
change his behaviour. The dild then started crying. The test was gopped and
the cild was comforted.

The behaviour of this child makes clea that he did not yet recognize the exi-
stence of a wnredion ketween the starting and stopping points. He did na
discover thisfad during the experiment.

(2) Teu. (14yeas)

Thisboy also very often placed the ball at the top, bu sometimes he preferred
another pant. He seamed to choose one extreme starting point after the other



(Figure 2).
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Fig.2. Teu. (14 years)

This child's procedure for pladng the ball was nat as fixed as that of the pre-
vious subjed. A leaning process might have started. But the relationship
between the starting point and the stopping point had na yet been dscovered.

(3) Wey. (6 yeas)

This boy began at the top d the trac, but then moved to ather points (Figure
3). The starting points were chasen without aguiding principle. The boy leant
that for any starting pant there eists only one stopping point. But he did na
find away of discovering the crred starting point systematicdly.
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Fig. 3. Wey. (6 yeas).
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(4) EIm. (14 yeas)

This boy placal the ball systematicdly (Figure 4), bu obviously he took the
wrong diredion again and again. He seemed to think that the further left the
ball starts, the further to the left it will stop. He asumed a somewhat rigid
conredion between the two padnts. Although the experiment informed the
subjed abou the wrong result, he was nat yet ableto find a converging strate-

ay.
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Fig. 4. EIm. (14 years).

(5) And. (10yeas)

Thisgirl moved on ore occasionin thewrong diredion (Figure 5), but quickly
leant from the wrong result and theredter used a successul strategy. She
knew that there was arelationship between thetwo pdntsand she assumed that
the more to the left the ball started the more to the left it stopped. But she
revised this assumption and found ait that the higher the ball starts the further
it roll s. She then approximated to the goal step by step.
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Fig. 5. And. (10 years)

(6) Sve. (12yeas)

Figure 6 shows that this boy never took the wrong diredion. He used asearch
strategy by approximating the rred starting point from both sides. He knew
that there exists only one stopping point for every starting point, and that the
higher the ball starts the further it rolls.
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Fig. 6. Sve. (12 years).

(7) Val. (14yeas)

This boy also pacel the ball systematicaly, bu he caefully approached the
correct starting placefrom one side only (Figure 7). He too hed the same
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understanding of the processas the previous aubjed but he used a diff erent
Strategy.

Protocol
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Fig. 7. Vol. (14 years).

From these results we can identify the foll owing stages:

SageO: The subjed always garts from the same starting point, and
expeds that the ball will stop at the goal onany occasion by
chance Bad results do nd change the behaviour.

Sage1: Thesuhed starts at diff erent paoints, but without a system. It
is aware of a relationship between starting and stopping
points, but it is convinced that the mrred point can orly be
found ly trial. Bad results do nd change the behaviour.

Sage 2: The subjead places the ball systematicdly. It knows that the
higher the ball starts the further it rolls.

The transitions between the stages represent phases of leaning by trial and
error. By Stage 1-2 we denote aphase in which the subjed starts with the
knowledge of Stage 1 but leansfrom mistakes, and arrives at the knowledge of
Stage 2.

Among the mnverging strategies we foundtwo types:
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TypeA: Oscill ating: the goal is approacdhed from both sides.
Type B: Approximating: the goal is approached from one side only.

To study the influence of age we start with the distribution o agein ou sam-
ple:

Tablel

Distribution of age

age 456 78 9 10 11 12 13 14 15

number 102 24 7 2 5 9 12 1838 2

Because our main interest was direded towards the discovery of the monaonic
property, we preferred children of the age group 1014. We dso wanted to
avoid discouraging situations for yourger children. Referring to PIAGET, we
expeded the transition from Stage 1 to Stage 2 in the age group 1112. So we
presumed that there would be adiff erence between the behaviour of age group
4-11and age group 1215.

Tablell showsthe relationship between age and success

Tablell

Comparison of age and success

number age

of trials 4-11 12-15 total
1-8 9 24 33
9-20 15 12 27
total 24 36 60

FISHER's test yielded a significant effed (p = .03) showing that efficiency
improves with age.
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Therelationship between age and stage can be seen from Table lll .

Tablelll

Comparison of age and stage

stage age

4-11 12-15 total
1 or lower 8 4 12
1-2 8 10 18
2 8 22 30
total 24 36 60

The chi-square test shows a significant dependence between stage and age
(x?=5.93 p<0.05.

Finally we looked for a relationship between age and type of strategy. We
considered orly the successul Ss, who worked systematicdly (Table IV).

Table IV
Comparison of age and strategy
strategy age
type 4-11 12-15 total
oscill. 16 21 37
approx. 2 11 13
total 18 32 50

By Fisher'stest one can seethat the propation d approximatersincreaseswith
age (p=0.07.

An influence of gender on successand strategy could na be found.Take for
example therelationship between gender and successas hownin TableV (O:
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nosuccess 1: successul).

TableV

Comparison of gender and success

suceess gender

female male total
0 3 7 10
1 19 31 50
total 22 38 60

Other observations of interest were thefollowing. Our subjedswereinterested
in playing with the ball. Most of them asked us if they could reped the game.
Many of them then changed the conditions, e.g. the gradient of the trac, and
studied the influence of these changes. No subjed used the pencil to mark the
starting point. They all kept it in mind by their visual memory. During the
experiment we @uld observe some older children who tried to measure the
distances with their fingers, and they tried to make arough estimate to finda
solution. They presumed propartionality, and their findings did na contradict
their assumption.

Finally we observed some dildren who were rather successul but before
reading the goal they went bad to their first starting positionandtried to find
the goal in anew experiment.

4. Discussion

We start by discussng the observations relating to the asped of functional
thinking.

Yourger children such as Ert. (1) are not aware of a dependence between
starting and stoppng point. They ke one quantity constant and exped that
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the other quantity will change by chance Bad results do nd help to discover
the dependence

A first attempt to overcome this limitation is the search for other convenient
pasitions, bu still just afew pasitions are preferred (Teu.).

A first appeaance of functional thinking can be seen when children start to
change ore variable axd exped changes in the other variable. Becaise the
asaumption of the dependenceis not false it does not need to be revised. But
because of the limitation d trials the dhance of successis rather small.

A systematic procedure of the cildren reveds additional assumptions, which
can bewrong without being revised (EIm.) or else they leal to the discovery of
the mrred monaonic property (And.).

Finally there ae subjeds such as Sve. and Vol. who are avare of the dependen-
ce axd asume a orred monaonic property.

The stages observed can be interpreted as dages of functional thinking. Let us
asaume an aiming problem in which the relationship between two variables x
andy isamonaonic function.

SageO: No correlationis sen. Thefunctional dependenceisnat dis-
covered.

Sage 1: A functional relationship isknown to exist. But variations of
one variable do nd leal to the discovery of the monatonic

property.

Sage 2: The monaonic property of the functional dependenceis
recgnized.

Theinterim stages are charaderized by the aility to make further assumptions
which are nat convenient but can be revised so that the knowledge of the next
stage can be gained.

The ability to discover the monaonic property developsat 11-12yeas. But we
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founda 14 yea old child at Stage 0 anda 7 yea old child at Stage 2.

We did na offer instructionto those who dd na succeel, therefore we do nd
know whether they could have learn by instruction.

Thereasonthat successul subjeds gart with the mrred assumptions was, we
asaume, due to relevant experiences gained in equivalent situations. For our
aiming problem such experiences can be gained by playingwith toy cars, with
a model raillway, by sledding, by cycling, or by experiences from physics
instruction.

PIAGET described the devel opment towards the discovery of propationality in
threestages: At the first stage dhildren are not aware of a dependence Solu-
tions arc sought by guessng. During the secondstage the children are aware of
abijedive dependence Solutions are sought by estimation a later by cacula
tiononthebasis of additive changes. They assumethat additive changes of one
quantity lead to the same alditi ve changes of the other quantity. Propartionality
is discovered in the third stage and used for corred cdculations which solve
the problem.

The estimations in the second plase can be interpreted as the result of the
asuumption of a monaonic property. But thisis nat an important step in the
context of his experiments. On the other hand we observed some older chil dren
who tried to make rough estimates on the basis of propationdlity. They felt
that a cadculation would lead most quickly to a solution.

So there is obviously a crrespondence between ou sequence of stages and
PIAGET's. But the weight and the type of assumptions during the intermediate
stages diff er correspondng to the problem type.

Piaget foundthat for inverse propationa dependences older subjeds often
started with the assumption d propartionality. Thisis confirmed by SUAREZ
(19779). Itisknown from methematicsinstructionthat this can be avoided if the
problem solvers are trained to first test whether the dependenceis monaonic
increasing or deaeasing (KIRSCH 1969. Therefore the monatonic property is
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also of importancein problems olved by propational or inverse propational
methods when bah types are off ered to the students. Physicd tasks have been
criticized onthe basis of their requirement of physicd knowledge (KARPLUS et
al. 1983. But only prephysica experienceishelpful for mastering our task. On
the other hand, in our opinion, experiences like these aeresporsible for deve-
loping functional thinking.

Our investigation can also be discussed under the aspea of search strategies.
It is known from reseach onseach problems that efficiency and systematic
behaviour improves with age (DRoz and POTTER 1969. Thisis confirmed by
our investigation; furthermore, it explains this effed for seach processes in
which the result of atrial is uniquely determined by afunction:

The dficiency in goal seeking improves through the development of func-
tional thinking.

Some observations cannat sufficiently be explained with the help of functional
thinking. The discovery of the monaonic property leadsto dff erent successul
strategies. Approximating is a strategy by which the changes appea in ore
diredion. Oscill ating is a procedure by which the amis encircled.

These strategies are known from other aiming problems. MEISSNER (1985)
observed students playing a caculator game in which they had to guessa
number, such that multiplication with a cetain number would lead to a result
which hit agiveninterval. MEISSNER could identify the two strategies, but also
some substrategies (e.g. "speed ug', "slow down"). Hedid nd study dependen-
ceon age or repetition.

Our investigation shows that approximating increases with age. The @mncern
for minimization may be the reason for the increase: The more caeful older
subjeds wanted to avoid unrecessary mistakes.

The different strategies possbly result from different cognitive styles. Ap-
proximating asa" careful” procedure would be preferred by reflective subjeds,
whereas oscill ating is a more "courageous' procedure prefered by impulsive
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subjeds (KAGAN 1965. But thisassumptiondoes nat help usto understandthe
age dependency of the dhosen strategy.

The choice of the strategy can also be the result of experiences gained by
adions. The two strategies are genera strategies in seach processs (e.g.
sighting, focusing, and steging). Mistakes can be explained by rough correc
tionswhich are typica for inexperienced people in steering situations.

Ceasing and starting again at an ealier position is a rather uselessprocedure
for iterations. But it is a behaviour which seams to be typicd for trial situa-
tions. MEISSNER (19850 interpreted this as a "substitute adion" to remain
adive when asuccesul procedure is not yet known. | prefer to understand it
asabehaviour which istrained in schod: If you arelost try it again. Andthere
isanother experiencefrom problem solvingin mathematics: It iseasier to avoid
a mistake in a new attempt than to find a mistake in series of cdculations.
Perhaps it would be eaier to explain these dfeds if one knew the subjeds
behaviour under repetition.

No subjed used the pencil for marking. This can be explained by the subjeds
ability to remember a position by their visual memory. It is known from the
puzzle "Memory" that children are very strong in remembering objeds in
spedad pasitions. The veining of the wooden tradk may have been an aid for
orientation as well. Perhaps they also could remember the position from the
propartion d the sedions onthe ramp.

5. Implications for mathematics education

In Germany aspira approacd to the amncept of function starts at the age of 13.
One can asume that most of the students of this age ac able to understand
fundamental properties of functions in situations from their environment. But
the teader must be caeful: we had a 14-yea-old subjed at stage 0! Mathema-
tics instruction shoud off er experiments to the students from which they can
gain experience. Problems shoud leal to conjedures, and they shoud get the
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oppatunity to chedk them (VOLLRATH 1978.

Approximations and iterations play an important role in modern mathematics,
espedally with the increasing use of computers. Iteration was considered a
suitable method by most of the subjectsin ou investigation. On the other hand,
many people cnsider approximations to be somewhat unmathematicd: ma-
thematics hasto be exad! It isimportant to make dea that the development of
aconverging seach strategy is the result of mathematicd understanding, and
very often of amathematicd idea The development of functional thinking can
improvethe aility to find seach strategies, and, viceversa, looking for search
strategies can improve functional thinking. We therefore suggest putting more
emphasis on seach problems in mathematics instruction.
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