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When atheorem has been taught, students are expeded to understand it andto
know aproof. They shoud be &leto reproducethe theorem andits proof, and
to apply the theorem corredly. But for ared understanding they need to know
something about the historicd badground d the theorem abou its place
within the theory, anditsrelevancefor applicaions. Therefore students shoud
learn nat only theorems but also the importance of these theorems. This can
only be acomplished by teaders who have leaned to appredate theorems
adequately. Therefore, an important part of teader educaion must be mncer-
ned with the interpretation, dscusson, and evaluation o theorems.

1. Discussing the Pythagor ean theorem

At the beginning of my geometry ledurefor future teaders| usually ask them
which theorems they remember from their schod geometry. Most yeas, the
best-remembered theorem is the Pythagorean theorem. After | tell them that
thisis amost always the one seleded by students, we try to find ou why this
theorem is © prominent. Typica comments by the students include the foll o-
wing:

This theorem is interesting (important, beautiful, highly regarded, surprising,
central).

It has asimple (beautiful, impressve, suggestive, meaningful) formula.
The theorem concerns an important geometric figure, the right triangle.

Thesearevery genera judgments. In further discusson, more spedfic answers
are given:



The Pythagorean theorem

« reveds arelationship between the sides of aright triangle.

« helpsto expressone side of aright trianglein terms of the other two sides.
e isaspedal case of the law of cosines.

« is an inferencefrom the theorem: & = pc; b* = gc.

« shows how to transform two sguares into ore square.

This theorem

« isnamed for Pythagoras, the Greek phil osopher and mathematician

« was known to the ancient Egyptians.

« has been discovered in most cultures.

There are more than 200 poofs of the theorem, including one by GARFIELD,
who becane president of the United States.

To summarize, there ae four general types of resporse:
« gff edive: beautiful, interesting, surprising;
« cognitive: spedat case, inference, reveds arelationship;
« instrumental: useful, applicable, helpful;
« cultural: known by Pythagoras, and the axcient Egyptians.

What are the origins of the students appredation for this theorem? We can
presume that the most important sourcefor their viewsis personal experience,
gained by studying the theorem, its proofs and its applicaions. However, it
seams likely that judgments by teaders have some influence a well.

But how can teaders tead adequate views of theorems? How eff edive

are their methods?
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2. Appreciation of theoremsin mathematicsinstruction

It is helpful to understand how teaders can expresstheir appredation
of atheorem to their students, either explicitly or implicitly.

Explicitly expressed apgedation o a theorem

It istraditional in mathematicsto give hints abou the importance of apropaosi-
tion by identifying it as alemma, corollary, theorem, or fundamental theorem.
These assessnents are handed davn from generationto generation. They often
have their origin in papers or bodks of the mathematicians who dscovered the
propasitions. Well known examples include Gauss Theorema Egregium or
Sperner's Lemma. In the latter case, the lemma has become more famous than
anormal theorem.

The teader can give eplicit expresson to the gpredation o theorem by
comments such as:

 Thisis an important theorem.
(which is abland statement!) or by a more spedfic comment:
e Thistheorem is very useful for cdculations concerning triangles.

In the secondcomment, assesanent isdireded to the use of the theorem where-
as the foll owing example expresses an appredation for the knowledge gained
by the theorem:

* The theorem expresses a relationship among the three sides of a right
triangle.

An assesanent abou atheorem can also include akind d reasoning abou its
importance

e There ae more than 200 poofs for the Pythagorean theorem. It is
therefore one of the most prominent theorems in mathematics.
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Sometimes the estimation d the importance of a theorem changes. A well
known example is the "fundamental theorem of algebra’ which is cur- rently
referred to asthe " so-cdl ed fundamental theorem of algebra’ in modern bodks
on algebra. This makes clea that one shoud na overestimate these qudifica
tions. But in bah cases they expressestimations expli citly.

In my personal experience, an explicitly expressed appredation d atheoremis
only impressveif it is gedfic, and based onreasons, knowledge, and expe-
rience

Implicitly expressed appredation o a theorem

In the name " Pythagorean theorem™ spedal prominenceis given to this theo-
rem. The referenceto afamous mathematician suggests that he discovered the
theorem, thouwgh it iswell known that thisis often na true, asindeed it is not
true for the Pythagorean theorem. Perhaps more importantly, the names of
theorems can diff er from courtry to courtry with anational identification. The
name of a theorem can aso refer to its contents, for example "mean vaue
theorem", or "prime number theorem™. In all these caesteadierscanimplicitly
expresstheir appredation d the theorem.

But the way in which teaders ded with atheorem also revedstheir appreda-
tion of it. By starting with an interesting problem, discussng assumptions,
giving different prodfs, studying applicaions, or making remarks abou its
history, the teader can bring the students to think: "This must be an important
theorem because there is 9 much ado abou it."

There is a strong conviction among mathematicians that the importance of a
theoremisevident whenit isredly understood.Many mathematicianstherefore
avoid spe&king or writing abou their estimation d atheorem. For experts, their
"hidden appredation d atheorem” is recognizable in several ways. The posi-
tion of atheorem within the theory, the numbers of references to a theorem,
and the mnsequences drawn from atheorem al indicate gpredation.

Unfortunately many students fed lost when they are asked to expresstheir
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estimation of a theorem because they have nat receved clea hints that are
relevant for judging it. Implicitly expressed appredation d atheorem alows
students a free hand to make their own judgments, but they must lean to
interpret the teader's behavior corredly.

Comparing explicit and implicit judgments can be summarized as follows.
Explicit judgments of theorems are reamgnizable by the students. They reveal
the personal preferences of teaders and ask for agreement, but can also invoke
oppasition. Above dl, explicit judgments demand reasons. Implicit judgments
allow students more freedom for their own assessment, bu the students can
also be misled by or misinterpret their teader's behavior.

3. The problem of justification

A propasition is cdled a theorem if it is true relative to a system of axioms.
The statement that a propasiti onis atheorem bel ongs to metalanguage, and can
also be true or false. But what abou the statement:

The theorem is important with resped to mathematica knowledge.
One may agreeor disagree éher onarationa or an emotional basis.

Some typicd situations in which mathematicians are asked to evaluate theo-
remsincludetheoremsin adoctoral disertation,theoremsin apaper presented
to ajournal, theorems in a paper under review, comparing the "value' of a
theoremin an award, a dedding which theorems dall be seleded for areport
in an encyclopedia.

Therearenat many statements by mathematicians about their standards. Let me
give ore example: BEHNKE (1966 wrote abou the procedure for judging a
research paper for ajournal. Novelty and correanessof theresults are necess-
ry but not sufficient merits for pulblicdion. Criteria for the significance of a
paper include:



« elegance of the presentation,
« ingenuity of the prodfs,

« fertility of the considerations,
« adequacgy of the resources,

« suitability of the reasoning.

But obviously each criterionis as vague & the quality which it is expeded to
judge. When BEHNKE charaderized the qualified mathematician by the aility
to apply these aiteria crredly, the result was a drcle between the judgment
and qualification d amathematician. After dl, the community of mathematici-
ans sets the values, and it is also resporsible for the justification d the ded-
sions. But the community pretends a harmony which is not always present.

Recant discusson abou the status of the mean value theorem of caculus will
ill ustrate the discord. VAN DER WAERDEN (1980 and LAuGwiITZ (1990 judged
the mean value theorem as;

« historicdly unimportant,
e clea by intuition,
« rather useful becaise of the mnventions used in its proaf,
e only interesting in its gystematie aspeds.
They concluded that the mean value theorem is rather unimportant.

SCHWEIGER (1987) and WINTER (1988, reviewing the same theorem, emphasi-
zed:

« it expresses pradicd intuitions from physics and econamy,
« it opens afield of discoveries,

« it expresses the fundamental completenessof the red number system,
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« it isimportant for approximations,
« it isabridge fromlocd to global changes,
« it isaparadox that the mean value theorem is equivalent to bah a
more speda theorem (Rolle) and a more general theorem (Taylor),
« it is an example for anon-constructive theorem.
On this basis, they dedded that the mean value theorem is very impor- tant.

Perhaps youwill think that it isnot so important whether the theoremis confir-
med to beimportant as to know it. But from adidadic point of view thiswas a
rather important discussgon. The badkgroundwas the question of the role the
mean value theorem shoud pay in a cdculus course. The experts were ma-
thematicians and ddadicians who were influenced by their knowledge and
experience but also by their personal preference andtaste. Their argumentation
was impressve, though their emotions were rather irritating.

In my opinion there was not just one winner of this discusson. We dl profited
from it becaise we leaned alot about this theorem which we would na have
foundin textbodks. Perhaps teaders fed lost. What shoud they tell their
students abou the value of this theorem when the experts do not agree? But is
it not an advantage to take part in an open dscusson? It proteds us from
handling judgments of theorems dogmaticdly. Thereasonsgivenin arriving at
thejudgment help teadersin curriculum dedsions, but they also reved aspeds
for their own estimation d the theorem'simportance

4. Developing adequate estimationsin student teachers

Mathematics bodks which areused at the university for the mathematics educa
tion ot future teaders rarely comment on the assesament of theorems. While
ledures are used to give more mmments, in my experience students tend to
relax during such commentaries. My remarks are often na seen asrelevant for
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the examination, even though an important task of courses in the didadics of
mathematicsisto dscusstheoremswhich the students already know from their
mathematics ledures, under the aspea of evaluation. Again, | demand that the
students get the dhanceto refled on their experiences, to listen to ather stu-
dents judgments, and to consider them carefully. Usually it is very surprising
for the students to redize that people an have different opinions abou ma-
thematicd fads!

| would like to invite mathematicians, when they are writing bodks for future
teaders, to comment more about theorems from diff erent points of view, and
on spedfic ways of reasoning. My request of the didadicians is that they
discussquestions of evaluationin an open way withou being dogmatic.

Aswehaveseen, the gopredation d atheoremrefersto four aspeds: knowled-
ge, usage, culture, and keauty. It is rather easy for the students to judge the
efficiency of atheorem becaise they have only to remember their own use of
the theorem. Therefore it is not surprising that the assesaments of student
teaders are mainly direded to usage.

Students are aleto discover the knowledge provided by atheorem by reflec
ting onit for awhile. It iswell known that consideration d the problem context
which led to the discovery of atheorem enables gudent teaders to appredate
thetheoremin the mntext of a alture. But theredi zaion dfiten seansto benat
worth the dfort for the students.

Questions abou the beauty of a theorem are sometimes irritating to student
teaders, though my studentswere very interested in David Well s (1988, 1990
investigationabou the evaluation d theorems by the readers of The Mathema-
ticd Intelli gencer. Each of 24 rominent theorems had to be given a score for
beauty. The winner was Euler's identity. Teaders shoud be avare that there
are many bodks and papers abou the beauty of mathematicswhich can stimula-
te students and teaders.

In summary, student teaders need expli cit comments and dscussonsabou the
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aspeds of knowledge, usage, beauty, and culture to develop adequate estima-
tions of theorems.

5. Appreciation of theorems by students

When theorems are taught at the gymnasium, teaders are used to discussng
them. We were interested in the student assesaments of theorems that resulted
from this. We interviewed students from Grade 8 and Grade 10 abou their
estimations of Geometry theorems, and students from Grade 13 about caculus
theorems. For the 8th graders Thales' theorem — The aiglein asemicircleisa
right angle — and the cngruence theorems for triangles were the most promi-
nent. Thales' theorem was interesting to them because of its use in construc-
tions. The congruence theorems were seen as important for proofs, and as a
basis for the mnstruction d triangles.

The 10th graders appredated the Pythagorean theorem and Thales' theorem
most. They reasoned that they are logicd, easy to understand, dten used in
tests, and wsed in constructions. The gpredation d the Pythagorean theorem
resulted from tests, the grea numbers of problems lved in conredion with
this theorem, the gred variety of examples, and the impressve formula

In our interviews with the 13th graders we asked them and their teader abou
their appredation d the cdculus theorems. The most important theorems for
these students were the theorems abou minima and maxima, L'Hopital's rule,
and the theorems of limits.

The most important theorem for the teader was the fundamental theorem of
cdculus. The differences of the assesaments between students and teader
resulted from their diff erent viewpaints. The students' interest was more direc
ted to usage whil e the teader's interest was more direded to knowledge.

Such diff erences can appea quite dramaticadly. | remember a dassroom situa-
tionfrom my own teading in Grade 7. When | becane very enthusiastic ebou
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atheorem, agirl jumped upand cried: "Thisisall rubkish!" Thiswas an eva
luation too!

Our appredation d theorems may provoke our students to protest. And their
rejedion can be aprovocaion for the teader. How shoud we read adequate-
ly?1 think we can agreethat it is uselesstrying to convince the students abou
the importance of a theorem. Why nat let the students know that they are
allowed to have diff erent views? Perhaps they will discover the importance of
the theorem by themselves. On the other hand, it isalso true that many students
li ke mathematics because of its objedivity. They get the chanceto appredate
mathematics based ontheir own criteria and dedsions.

In summary, in working with an important theorem, teaders oud try to
balancethe diff erent aspeds of knowledge, usage, beauty, culture. They shoud
become aware of the students' appredations and shoud accept them as ex-
pressons of their personality. But they also shoud givetheir studentsa chance
to make adequate estimations of theorems by reasoning without being dogmatie
or autocratic.

6. Balanced teaching

When | recantly asked my students abou their appredation d theorems from
their schod mathematics, ore student said (and many agreed): "Mathematics
instructionwas not theorems. It had moreto dowith techniques.” They therefo-
refelt rather lost at my question abou their appredation o theorems. It seams
to be more important for students, and perhaps for their teaders too, that a
methodworks, rather than to know why the methodworks. It is more comfor-
table, and with resped to tests and examinations more df edive. But the result
is unbalanced teading.

Weemphasized dff erent aspeds of significance Obviously these aspectshave
to be balanced in mathematics educaion. There must be abalance between
knowledge and usage, theory and pradice beauty andrigor, culture and techni-
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gue. One-sided assesaments can reved unhbalanced teating. But it is also true
that balanced estimations of theorems can help to balance diff erent aspeds of
teading. They can help the studentsto gain avalid impresson d mathematics.
Thus, balanced assessments play akey role in teading.

But isit not aquestion d the subjed matter? In a geometry course, there ae
many theorems which express knowledge and a few concerning techniques.
But in an algebra curse in seondary schods there ae usualy "laws', and
"formulas’ and,above dl, techniquesfor transforming expressons and solving
equations; but only a very few "theorems' , such as the binomial theorem, or
Vieta's theorem (abou the relationship between the roots and the wefficients
of aquadratic equation).

There are diff erent traditions of teating geometry and teading agebra with
resped to theory. Thisis aso true for the history of mathematics. Axiomatic
presentations of arithmetic and algebra gpeaed rather late. HILBERT'S Foun
dations of geometry and LANDAU's Founddions of calculus can be seen asthe
culmination of thisdevelopment, off ering equivalent presentationsin geometry
andarithmetic. From LANDAU's bodk oneleansthat alarge number of proposi-
tions in arithmetic can be treaed as theorems, which is not common in ma-
thematics instruction. To better balance geometry and algebra teading | sug-
gest writing, for example, the law of commutativity of multiplication, a the
rulefor adding fradions, or theformulafor the solution of aquadratic equation
as theorems.

Aboveall, propertieswhich are fundamental for the understanding of arithme-
tic and algebra shoud be pointed ou as theorems. Asill ustrations, consider:

« Natural numbers can be presented as aims of units.

* Red numbers can be presented as the limits of sequences of rational
numbers.

* The square of ared number canna be negative.
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Students can orly develop avalid impresson d mathematics if they recave a
balanced teading in which they can appredate theorems as a distill ate of
knowledge and pdential.

7. Accentuated teaching

We started with an oustanding theorem. But every theorem can be gppredated
with resped to cognition, usage, culture, and appeaance To some extent ead
theorem isimportant. If acetain theorem were omitted in an axiomatic theory
it could be aiticd for the wholetheory. However, if teaders cdl every propo
sition an important theorem, thisisnot credible. It would have the same dfed
as underlining every word in abodk (as some readers appea to dg). "If ever-
ything isimportant, then nahing isimportant." (SHENITZER 1986).

Nevertheless toill ustrate properties by appropriate theorems helps gudentsin
several ways. They become avare of what isnoteworthy, find ou what they are
expeded to know, and develop a basis to which they can refer when they are
trying to prove astatement. However, it is also necessary to dff erentiate bet-
ween theorems D that students can reaognize the structure of a subjed areg
become aware of the key properties, and develop standards.

To give spedal prominenceto atheorem, say by referencing it to a mathemati-
cian, helps dudents appredate the adievement of mathematicians and unar-
stand their contributions to culture. Emphasizing importance of theorems may
help studentsto appredate that mathematicsis something important for culture
and for themselves.

Asa mnsequence students need akind o teading in which they get a dhance
to distinguish between important and less important fads. They can orly
develop standards when they become a@uainted with the redly outstanding
results of mathematics.
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8. Stepstowards adequate estimations of theorems

We understand the gopredation d atheorem as a part of the meta-knowledge
that we want students to develop in mathematics education. Students learn to
refled upontheorems by asking questions such as:

* What does the theorem represent?

* What is the essential point of the theorem?

» What consequences does this theorem have?

* What problems can be solved with this theorem?

Students can initi ate their assesaments of atheorem by tasks auch as:

* Trying to formulate the theorem in your own words.
« Giving a descriptive titl e for the theorem.
« Trying to find a suitable name for the theorem.

Mathematicd knowledge is often tested through problem solving. For testing
students’ meta-knowledge it seams to be more wnvenient to let the students
write an essay abou the theorem. This is not very common in mathematics
instruction. Writing mathematicad essayswas recommended in Germany by M.
Wagenschein, bu students are rarely asked to doso. Problem solving is dill
predominant in German schods.

Finaly, I think it is very im portant that students have achanceto discusstheir
asesanents of theorems with ather students and with their teader. They
shoud be willi ng to listen to ather students' reasons, to give reasons for their
appredation d atheorem, and ke prepared perhaps to change apersonal as-
sesgment during discusson.

Discussng assesaments of theoremsis atraining methodand atest for scienti-
fic culture. It can be seen as a ontribution to "mathematicd enculturation”
(BisHoP 1988.
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