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1. Practical arithmetic asatopic of applied mathematics

Pradicd arithmetic is an important topic of applied mathematics taught in
lower secondary schoadls. This problem areahas along traditionin mathematics
instruction. But under general discussons abou applicaions during the last
decalesit hasfoundmuch interest among didadicians. Starting with considera-
tions abou suitable problems and methods the main interest is nowadays
direded to an analysis of the underlying processes of thinking, such as ma-
thematizaion, modelling, and the relationship between mathematics and the
red world in general (seeBLum & Niss199]). This paper intends to expose
the development of this general discusson for the spedal topic of pradicd
arithmetic. Methods of pradicd arithmetic are in Germany mainly taught in
grade 7 in all types of schod, bu they are initiated in ealier grades and cee
pened duing the following grades.

Pradicd arithmetic has to dowith problems like these:

5 kg apples cost 16.50DM.
How much do 3kg apples cost?
or

5 macdhines can doajobin 12 hous.

How many hours do 3madines need for the same job?
During the history of mathematics many diff erent methods have been develo-
ped to solve problems like these.



2. Traditional practical arithmetic

The acient Rechenmeister (cdculation masters) such as ADAM RIESE
(14921559 taught schemes for solving the problems withou telling their
students why they work. Giving a scheme for problems from diff erent areas
was an improvement, bu using it withou understanding led to a mecdanicd
drill i n mathematics instruction which continued for centuries.

Thislimitationwas overcome & the beginning of our century in writi ng senten-
ces for finding the solution by reasoning. The problems were solved in this

way:

If 5 kg apples cost 16.50DM,

then 1kg apples costs the 5th part,

i..16.50DM : 5=3.30DM.

If 1 kg apples costs 3.30DM,

then 3kg apples cost 3 times as much,

i.e. 3.30DM-3=9.90DM.
Only after having understood this kind d reasoning were the students per-
mitted to write their solutionsin a shorter formal way like:

5kg = 16.50DM

1kg=16.50DM :5=3.30DM

3kg=3.30DM-3=9.90DM.
The madine problem was 0lved similarly:

5 machines = 12 hours

1 machine = 12 hous-5= 60 hous

3 machines = 60 hous :3 = 20 hous.
To distinguish the two cases the students had to test whether it was a case of
"the more...the more" or "the more..., theless..".

The problems were presented progressvely in diff erent grades.
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In grades 3 and 4simpler problems like

1 kg peas costs 3 DM.
How much do 4kg peas cost?
or

2 kg plums cost 6 DM.

How much daes 1 kg plums cost?
were used as applications of multiplication a division respedively using
"denominate numbers'. In grades 5 and 6 the student leant to work with
dedmal numbers. Finally in grade 7 the general problem was introduced and
the scheme was taught explicitly.

The solving of these problems was understood as training for applying ma-
thematicstored life andalso for logicd thinking (LIETZMANN 1961 BREIDEN-
BACH 1963.

Questions were discussed such as: Shoud ore redly be dlowed to use short
statements like

"5 kg cost 16.50DM."
instead of

"5 kg apple @st 16.50DM."
or formal statements like

"5kg£16.50DM"?

These didadicd problemswere handed rather dogmaticdly. Theteadherswere
committed to a cetain ndation by their choice of textbodk.

For the Volkschule the "rule of three' becane an amost universal method.
The choice of problems and topics in grades 7-9 was determined by the me-
thod. Problems and topics from red life that would na correspond to the
methodwere avoided. For example, students would na have foundthe foll o-
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wing problemin their textbodk, becaise the scheme would na work:

A 10 letter costs 20 Pf postage.

How much is the postage for a30 g letter?
The Gymnasium placed more enphasis on algebraic methods. Therefore pro-
portional situations were often embedded in missng-value problems, using
propartions, e.g.

5kg = 16.50DM
3kg £ x DM
5 _ 165
3 X
5x = 3-165
X = 3-165
5

In many cases the propation was fourd schematicaly without any red under-
standing.

The diff erences in methods between Hauptschule and Gymnasium have their
origin nat only in the diff erent abiliti es of their students or the variety of acces-
sible technics but rather in their distinct philosophies of educaion (ScHuPp
1989.

At the end d the 1960s a new discusgon arose under the influenceof didadi-

cianswho analysed the structure of thistype of problem. They felt that the way

in which these problems were presented and solved in schods could nd give

the students a chancefor ared understanding, becaise it was mathematicaly

unfounded. They were cornvinced that a"didadicd analysisof structure” would

help to develop an adequate mathematicd treament which would guarantee a
red understanding.
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3. Structural analysis of practical arithmetic

At first the concept of "denominate numbers' was criti cized (KIRSCH 1969. It
was panted ou that 2 kg, 5m, 3.51, 1% hand 2.35DM shoud be seen as
"magnitudes’. They belong to damains of magnitudes sich asweights, lengths,
volumes, times, and quantities of money, in which an operation+ andarelation
< aredefined (GRIESEL 1969 KIRSCH 1969,STEINER 1969. These domains of
magnitudes are ordered semi-groups, in which operators can be defined. Cer-
tain domains of magnitudes areisomorphic to (Q*,+,<). They can therefore be
used as models for positive rational numbers. This was a justificaion for
working with magnitudes when teading fradions (KIrscH 1970. On the other
handfradions can also be understoodas rational operators on magnitudes. This
ideahad been used by H. WEYL in 1918for a mnstruction d the positive
rational numbers. Braunfeld's (1968 model for fradions of "stretchers and
shrinkers" becane very popuar in Germany. As aresult of these discussons
magnitudes becane the basis of teading pradicd arithmetic.

Seoondy, as we drealy remarked the "rule of thre€' was regarded as an in-

strument for training logicd thinking. KIRscH (1969 pointed out that this has

nothing to do with logic. It is redly based on the properties of functions:
A functionf is propartiond if f(r-x) = rf(x) for dl r e Q*, anddl x; it is
antiproportiond if f(r-x) = Urf(x) for al r e Q*, and dl x (x being an
element of adomain of magnitudes).

The expresson "antipropartional” was introduced by KIRSCH instead of "in-
versely propationa”.

KIRSCH suggested using tables of functions for solving problems on pgropar-
tional and antipropartional functions.



For example:

Table 1: weight - cost - function

weight cost
5kg 16.50 DM
3 < > :5
1kg 3.30 DM
‘3< >.3
3kg 9.90 DM

Table 2: number - time - function

number time
5 machines 12h

5 <I >'5
1 machine 60 h

'3( >:3
3 machines 20h

Many textbodks adopted this method.

As aresult of an effedive training with fradions, students were expeded to
solve such problems in a shorter manner:

Table 3: reduced weight-cost function

weight cost

,/ Ske 16.50 DM
. ;<l >
3kg 9.90 DM

W |w




Table 4: reduced number - time - function

number | time

3 5 machines 12h
.g < \> .

3 machines 20h

This could be cdled a scale factor method

wl|wn

Students wereto discover that propartional functions have mnstant quaients,
whereas antipropartional functions have mnstant products:

Table 5: constant quotient

weight | cost | cost:weight
5kg | 16.50 DM | 3.30 DM/kg
3kg 9.90 DM | 3.30 DM/kg
Table 6: constant product
number | time number - time
5 12h 60 h
3 20h 60 h

This property could also be used for problem solving:

Table 7: equal quotients

weight | cost

5kg 16.50 DM
3kg x DM



X
3
X

Table 8: equal products

3 xh

x-3 = 125

X = 12-5
3

The constant qudient of a propational function could be interpreted as a unit
rate. This could lead to a further methodfor solving propartional problems:

5 kg apples cost 16.50DM.
The unit priceis (16.50: 5)DM/kg = 3.30DM/kg
3 kg apples cost 3.30DM/kg-3kg=9.90DM

Theunit rate was espedally used to compare two given rate pairs, for example:

A padkage of 5 kg detergent costs 12.00DM.

A padkage of 7.50kg detergent costs 21.00DM.

Which dfer is better?

The unit pricefor thefirst offer is2.40DM/Kg;

for the seaond dfer it is 2.80DM/kg.

Thefirst offer is better.
The unit rate eaily leals to the equation for the function. Let the unit rate of
the propartional weight () - cost (y) function be 3.3Q then

y =3.30-x.
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The gple problem can be solved by substituting 3 for x:
y =3.30-3=9.90.

One can use the graphs of the functions for finding solutions. The graph d a
propational functionis a straight line through the origin (Figure 1), the graph
of an antipropattiona functionis ahyperbada (Figure 2):

Figure 1: graph of a proportional function
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Figure 2: graph of an antiproportional function
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Obviously a great variety of methods resulted from regarding the problems
fromafunctiona standpant. The students, espedally in the Gymnasium, were
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expeded to lean the diff erent methods and to use them properly in problem
situations.

Thirdly, situationswereidentified which provided new content for mathematics
educaion in which the underlying function is neither propational nor anti-
propational. KIRSCH (1969 made dea that proportiondlity or antipropar-
tionality isnat aproperty of asituation. One hasto test whether it i s convenient
to describe the situation by a propartional or antipropartional function. If nat,
one can test different types of functions to find ou which fits best. These
considerations caused discussons abou "modelling” in genera (cf. SCHUPP
1989, and stimulated propacsals for studying diff erent types of functions. In
particular, a grea variety of cost functions from commercial life were studied
(VOLLRATH 1973. Examples: pastage (piecavise @mnstant functions), cost of
padkages of detergent (discrete functions), cost of fuel including discount for
larger quantiti es (piecavise linea functions). Problems were mainly solved by
graphs for these examples. Later on the students also used equations of the
functions for the solution d such problems if posgble. All these adivities
madeit clea that working with functionsisvery eff edive for solving commer-
cia problems.

Studying rel ations between magnitudesis fundamental in science, espedally in
physics. Therefore working with functions between damains of magnitudes
credes connections between dff erent areas of the schod curriculum. Theidea
of "leaning by doing" can beredized in mathematics education through expe-
riments onmagnitudes (VOLLRATH 1978. Typicd investigationswhich do na
overlap with physics teading may be: the dependence of the weight of pieces
of cardbaard ontheir areg the weight of sets of nails onthe number of nails,
the weight of awire onitslength, the perimeter of a drcle onits diameter. All
these adivities $houd include problems which canna be solved dredly but
nead some mnsideration o functions. For example, wires of different length
and weight but equal material and profile ae measured. Thereisa damp on
onewire. What isitsweight? The result of the experiment is a set of paints of
agraph (Figure 3). All the points but one seen to be located ona straight line.
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The point for the wire with the damp dffers from this. The anourt of the
diff erence gives the weight of the damp.

Using functions for understanding and solving problems from pradicd arith-
metic can be seen asaresult of the df ort to develop"functional thinking" more
generally in mathematics education. This pedagogicd ideahas along tradition
in Germany (VOLLRATH 1989. Under the influence of FELIX KLEIN it had
become akey concept in the resolution of the Merano conferencein 1905.And
theideaof functionwas gill one of theleading concepts during the " new math"
period. From the point of view of set theory, functions can be regarded as a
spedad kind d relation.

Figure 3: graph of the length - weight function
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Functions could therefore be defined in terms of relations in mathematics
instruction. It seams that for a cetain period ddadicians and teaders were
convinced that the concept of function could be leant through such a de-
finition. FREUDENTHAL (1973 made it clea that thisisimpossble. Theideas
of VAN HIELE, BRUNER, and FREUDENTHAL abou leaning in stages of under-
standing became rather popuar andled to new teading strategiesfor concepts
(VOLLRATH 19849.
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Finaly, thewhoedomain o pradicd arithmetic was renewed. The aspeds of
"mathematization” (FREUDENTHAL 1968 and "applicaion” (ENGEL 1968
came into prominence and overcame the traditional division into dscrete
problem aress (e.g. percent and interest, business commerce, successon,
mixture and all oy) and the traditional dominance of methods for solving pro-
blems (e.g. rule of thre@. The modern view of pradicd arithmetic was sug-
gested for mathematics education with the conviction that successwould be
guaranteed success Therefore most of the textbodks tried to include these
ideas in the 197Gs. But during the last ten yeas didadicians have been given
many hints that this was an ill usion.

4. Evaluation of methods

Criticism of textbodks by teaders made it obvious that they had dfficulty
accepting the modern methods. They thought the function tables were too
formal. As a cmpromise, many of them started with the rule of three and
ended with thetables. Andin resporse, most textbodks off ered compromisesin
this diredion.

Analyses of communication (ANDELFINGER 1985 made dea that there is a
grea difference between teader concepts and leaner concepts related to
pradicd arithmetic. For students, schemeswere still dominant. Surprisingly, it
was foundthat they were using their own schemes. Some of these were based
on their parents explanations, others were related to the teader's particular
method. Many students were rather confused by al the diff erent schemes.
Difficulties also seem to arise from "unfriendly" numbers such as 2 2/3 kg,
12.45DM, 0.012n?, which arouse fedings of anxiety.

These observations|ed to analyses of difficulties (VIET 1989. It wasfound,for
example, that propartional problems are eaier to solve than antipropartional
problems. Quantity-cost problems are eaier to hande than dstancetime
problems. Most of the students always assume apropartional quantity-cost
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function. Considering the df ed of changesin ore magnitude onchangesinthe
other seams to be more successul than studying how one magnitude depends
onthe other. Some of the difficulties ssan to have had their origin in the grea
variety of methods used in the dasgoom, including the methods off ered by the
parents to master homework. Premature schematizing of the problems also
seans to have had arather bad influence

Although problems on percentage or interest are taught in conredion with
fradions as an application, in many cases these problems are still solved by
methods of the rule-of-threetype (MEIRNER 1982 ,BERGER 1989. Heretoothe
relation between the methods offered by the bodk, suggested by the teader,
recommended by the parents, and wsed by the studentsis rather chaotic. So the
teaders are puzzied.

Difficulties which arise from cdculation may be avoided to a cetain degreeby
the use of cdculators (e.g. LOERCHER, RUEMMELE 1987. Later on, when
computers are used as todls in mathematics instruction, spreadsheds are re-
commended for problems on percentage and interest which can lea the stu-
dentsto "redistic" problem solving (e.g. DAUBERT 1986. But the main pro-
blem seams to be that the students do nd see ay pradicd sense in the pro-
blems; they just hande them schematicdly. Thisis a general problem of ma-
thematics educaion (Baruk 1985. Some groups of teaders have started to
overcome the atificiality of problems by developing "projed work". Thiswas
also stimulated by the neads of comprehensive schods, which are still under
discusgonin the German education system. The amisto stimulate mathemati-
cd adivity through criticd analyses of social problems (MUNZINGER 1977,
KANITZ 1987. Posdble topics include: money, eedions, traffic, leisure time
and income tax.

The concept of magnitude has also been criticized (KEITEL 1979. The danger
is seen that students may misunderstand quantity-cost functions as "laws of
nature”, which would prevent them from studying elements of cost theory.
Relevant projeds could perhaps overcome these limitations.
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Some teaders and schod administrations tend to go badk to the traditional
schemes. Thisis sippated by therather conservative organizaion d chambers
of commerce and induwstry. But many didadicians ill hope that they can
convince the teaders and can help them to tead the modern methods more
effedively. There ae some bodks written for teaders and teader educaion
students which still promote the modern understanding of pradicd arithmetic
(STREHL 1979,GLATFELD 1983 FRICKE 1987%). But criticd reviews hint at the
limitations of thisview (e.g. KEITEL 1979,GRAUMANN 1983.

Perhaps away out may be found ly more investigations into functional thin-
king.

5. Research about functional thinking

To lean abou functions and to be successul in using functions to solve pro-
blems requires a mental ahility which can be dharaderized as foll ows:

(1) Dependences between magnitudes can be stated, pcstulated, produced,
and reproduced.

(2) Assumptions abou the dependence can be made, tested, and if necessa-
ry revised.

(3) Theinfluence of changing one magnitude on the dependent magnitude
can be ssumed, observed, and stated.

This ability can be cdled "functional thinking". Many suggestions have been
made by German educaors to promote functional thinking (see VOLLRATH
1989. But the evaluation d these propcsals has © far been insufficient. It is
felt that one needs to know more aout the dfeds before making further
recommendations.

Knowledge abou the development of functional thinking can be gained from
psychdogicd studies. From PIAGET's investigationsiit is known that the aility
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to discover the propartiondlity of afunction develops in children (1977). He
identified stages leading to propartiond reasoning. Several studies attempted
to fill gaps in the Piagetian model (see TOURNAIRE and PuLos 1985. The
stages can beinterpreted as gages of functional thinking. They can be defined
by abiliti es and by limitations,such as: The dild knows that from an enlarge-
ment of x an enlargement of y will result. But the dhild is not able to discover
that a doubing of x leadsto adouling of y.

These abiliti es and dcficiencies beaome gparent in problem situations in
which the student is asked to predict or to precdculate aresult. Whenamissng
valueproblemispresented in aphysica experiment with an underlying quadra-
tic function, many children assume propationality, for example, and have
difficulty overcoming the assumption (SUAREZ 1977). To besuccesgul in such
problemsit i sthereforeimportant to dscover properties"beyond popartionali-
ty".

The influence of teating methods on the aility to form assumptions abou
functions used in physics instruction was investigated by HAUSSER (1981).
Experienced studentstypicdly start with the assumption d propartiondlity, bu
they also have arepertoire of further properties of functionswhich they can use
for testing assumptions. Reseach onfunctional thinking shoud be amed at
yielding moreinformation abou the devel opment of such arepertoire under the
influence of mathematics instruction.

The monaonic property of an uncerlying functionis often crucial, espedally
for approximate solution d amissng value problem. The development of the
ability to use the monaonic property for approximations has been studied
through seach strategies (VOLLRATH 19886. It was foundthat stages of deve-
lopment could be identified which fit into PIAGET's sheme of stages.
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