53. Representing, Solving, and Using Algebraic Equations

by JoE DAN AusTIN and HANS-JOACHIM VOLLRATH

The Mathematics Teacher 82 (1989, 608612

Students of beginning algebra ae quickly expeded to solve linea equations.
The solution procedures are generaly abstrad, involving the manipulation o
numbers and algebraic symbals. Many students, even after completing ayea of
algebra, do nd understand variables, equations, and solving equations (cf.
CARPENTER €t a. 1982. One way to help students lean to solve equationsis
to use physicd objeds, diagrams, and then symbals to represent equations.
(BRUNER 1964, 1967cdls such representations enadive (concrete), iconic
(pictorial), and symbalic.) Although solving equations gymbdlicdly is essenti-
al, many students can benefit from working with physica problems that can
also be symbolized mathematicdly. This article describes one way for students
toleanto solve cetain linea equations using pan balances, diagrams, andthen
symbals.

1. Pan Balances

Oneneeds atwo-pan balance, some small objedswith equal weight, andsmall,
opague containers. The mntainers need to open and close. Plastic film contai-
ners and washers for the weights work espedally well. The washers houd fit
into the mntainers, and ore washer shoud weigh the same a one ntainer.
(The weight of the cntainers can be ajusted by drilli ng small hades in the
battom or gluig small washersinsidethe ca.) Infigure 1, the lefthand pan has
three containers and five washers, whereas the right-hand pan has eleven
washers. Each container has the same number of washers. The goal isto de-
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termine the number of washersin ead container.

Fig. 1. A two-pan balance

One way to read the god is to set a single cntainer in ore pan and dace
enowgh washers in the other pan

to balancethe scdes. The number of washersin the @mntainer equals the num-
ber of washers in the other pan. (The cntainer weighs one washer. When
courting washersin a mntainer, court the washers and the top d the contai-
ner.)

Students areto manipulatetheitemsin the pans  that after eady manipulation,
or transformation, the pans dill balance By trial and error, studentsquickly see
that it is posdble to add a remove objeds of equal weight from ead side.
Using w to represent the number of washersin ead container, the arangement
in figure 1 can be represented algebraicdly as

3w+5=11.

Oneway to proced isto remove five washers from each balance pan; the two
sides dill balance Algebraicdly,

3w = 6.
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Although we can remove two containers andthe required number of washersto
maintain a balance, it is more useful to have students tell how many itemsto
remove before beginning. As three ontainers are involved, dvide the six
washersinto three gual pil es, ead with two washers. Removetwo o thethree
pilesandtwo o the three ontainers, so

w=2.

Open the mntainer to "ched" the answer. (Remember, court the lid as one
washer.)

In an introductory algebra dass students used a balance to do the following
tasksin the order listed:

® Represent equations and variables

® Set up the balance to represent equations and "check™ solutions, that is,
determine if the pans balance

® Solve guations

® Algebraicdly solve aguations, sketching the balance pans with containers
and washers to represent ead step of the solution

When "cheding" whether 2 isasolutionto
2(x+1) =6,

one student could na get the pansto balance The student had represented the
left side with two containers and ony one washer. A discusson d the dis-
tributive property foll owed. When solving equations using the balance, teams
were used. One team set up the balancefor ancther team to solve.

Balances can be used to ill ustrate the "uniqueness' of a solution. Ask, if one
washer is added to o removed from ead container in figure 1, will the pans
gtill balance? Then dothe experiment to seethe result. Next set up the balance
correspondng to the equation
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1 2(W+1)=2w+2

and reped the experiment. This approach demonstrates that some eguations
have many solutions.

Introductory algebra students had considerable difficulty solving equation (1).
They had expeded that al equations could be simplified to an equation with
the variable equal to a number. When the procedure resulted in two empty
pans, the students were cetain that they had made an error. Only after putting
diff erent numbers of washersin the mntainersin the original representation o
(1) and chedking that the pans 4ill balanced did students understandthat it was
not possbleto solve and get only one solution. Writi ng the simplified equation
as Ow = O rather than 0= 0 also helped students understand the solution.

Problems with containers of different colors can be given. For example, user
to represent the number of washers in the red containers. Whereas dudents
readily accept that the @l or of the containers does nat aff ed the solution, some
students think that the letter used to represent a variable dfeds its value (cf.
WAGNER 1981). For example, if X is an integer, some students believe that y is
the next conseautive integer!

With more advanced students, systems of linea equations can be represented
with two balances. Using red and green containers, figure 2 represents the
system of equations

2 {23:1

Here g is the number of washersin eat green container and r the number in
ead red container. (Court the lid as awasher here dso.) To solve the problem
using balances, students must use substitution.
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Fig. 2. A presentation d two-variable,
two-pan-balance problem

The balanceuses physicd objedsto represent equations and to lead studentsto
algebraic solutions of equations. The balance dso serves as a chedk for ead
stepinasolution, sincethe pans must balance eabtime. A disadvantage of the
balance is that solutions are dways positive; empty containers weigh ore
washer. Also equationsinvolving subtradionare not easily model ed; springs or
balloons can be used to pul up aside of the balancebut may nat be worth the
added compli cations. However, with the bal ancestudents can conceptuali zethe
stepsin asolution ptysicdly aswell as abstradly.



2. Pictoral Representations

Following an ideaof Papy, an arrow diagram can be used to represent and
solve many equations. The procedure does not seem to be used in American
texts but iswidely used in introductory German algebra (cf. VOLLRATH 1980.
VOLLRATH (1986, 124 uses the procedure in a German seventh grade ma-
thematics text. Figure 3 shows the representation o

3w+5=11.

Beginning with the variabl e, theleft-hand side of the equationis developed ore
step at atime.

w x3 3w 5 3wt5s

Fig. 3. Expanding 3w + 5

The right-hand side of the equation, 11,iswritten undcer the final expresson,
3w + 5.

w X3 3w 3 3w+5

Fig. 4.Solving3w +5=11

The solution is found ty working badk-ward with inverse operations. See
figure 4.

Thefoll owing equations, or usual solution, are obtained by pladng equal signs
between the crrespondng boxes:
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w+5=11
3w=6
w=2

This pictoria representation shows gudents the relation between the order of

-1 2
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Fig. 5 Evaluating (4y - 1)?
fory=3.
operations and the solution d equations.

Therepresentation can also be used to evaluate expressons. Figure5ill ustrates
evaluating (4y - 1) wheny = 3.

When the variable occurs more than orcein alinea equation, avariation d

4x+2 4x 3x X
-2 -X 3

x+8 x+6 6 2
Fig. 6.Solving4x+2=x+8

this procedure can be used. Figure 6 shows a solution d the equation

4X+2=x+8.



Ancther pictorial representation wses line segments. The representation links
equations to the usual method d introduwcing addition and subtraction o
positive and regative numbers and links addition with subtradion as well as
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Fig. 7. Representing equations using line
segments
multi pli cation with dvision. It also links algebraic and geometric representa-
tions of equations. Figure 7 ill ustrates this representation. The diagrams in
figure 7 can be interpreted as representing several equations. Possble ejua
tionsfor thefirst diagram are

X+2=5,

and

Possble equations for the second dagram are

I4x=12,
12
X = ==,
4

and
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Fig. 8. Representing
3w+5=11and 3v=11-5
using line segments

These line-segment representations and equations give ancther procedure for
solving equations. Figure 8 again represents the eguation

3w+5=11.
Figure 8 is also arepresentation o
=11-5,
which gives
3w=6.

Figure 9 represents the foregoing equation and also the eguation
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Fig. 9. Representing
3w=6andw=6/3
using line segments
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or
w=2.

The solution can be dhedked in the original equation. Try using this methodto
solve

13-3/=7.

3. Abstract or Symbolic Representation

Often the only way equations are represented and solved in algebrais abstradly
or symbdlicdly. However, using only a purely symbdlic representation and
solutionmakesit hard for some studentsto understand equations and why eat
transformationis used in solutions.

4. Applications of Equations

In problem solving, students must understand nd only how to solve equations
but also haw to use eguations. Following VOLLRATH (1984 123, equations, as
well as many other concepts, have multi ple uses. Teaders sroud pamt out the
various uses © that students understand hav fundamental equations are to
problem solving. The uses of equations include the foll owing:

1. A sourceof aproblem

Example. Solvethe equation X + 2 =14,
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2. Anaidin solving aproblem
Example. Threemore than twice anumber is 15. Find the number.
Sdution. Let n bethe number. Translating the problem to an equation gives
2n + 3 =15.Solving gvesthat nis 6.
3. A solutionto aproblem

Example. Find the set of paints (%, y) equidistant from the points (3, 2 and
0, 1.

Sdution. The distance formula gives ead (X, y) that satisfies the equation
y=-3+6.

4. A ched to determine if asolution exists or is unique
Example. Find the solution(s) to these juations:
3X+2y=23
5x— 2 =17
Sdution. Asthe eguation from the determinant

3 2
572

= 6-10="16

is nat zero, a unique solution exists. Solving using any procedure studied
gives

x=5andy=4.
5. A ched onan estimated or passhle solution

Example. Which function satisfies f(ax) = af(x)?
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() f)=x+2
(i) f(x) =2x
(i) f(x) =2

Sdution. Substitute eat passble solutioninto the eguation and determine
if an identity results.

5. Summary

Variables and equations are key concepts in algebra and in mathematics. Stu-
dents nead to understand the procedures for solving equations and hov equa-
tions are used. Students can benefit from being shown the many uses of equa-
tionsin problem solving. We suggest the use of concrete and [ctorial represen-
tations, as well as the symbadlic representation d equations, with introductory
classes. Such an approach might result in students” better understanding the
steps in solving equations. Some older students might understand for the first
time why equations are solved in the way they have long pradiced.
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