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During the last 20 yeas there has been a rather important change in algebra
teading in the Federal Repulic of Germany. | want to show the origin dof this
reformation, the underlying ideas, its main phases, and some of the mechanism
in the devel opment. For thereasons of a case study it seemsto be mnvenient to
restrict the mnsiderationsto aspedal theme of algebrateading. A very impor-
tant paint of discusson has been the "theory of equations' (Gleichungsiehre).
It seemsto be fruitful to take this as a cae study for curriculum devel opment,
becaise it was a spedfic German development, in which typicd processes
might be seen, its motives, its results and its progress Curriculum changesin
aspedad subjed of mathematics instruction are very often embedded in wider
processes of curriculum development. Sometimesit happensthat reformersare
not aware that they are walking on moving ground.The processof developing
the theory of educdion duing the last 20 yeas is embedded in the general
curriculum reform movement in mathematics that took placein these yeas. |
have chosen to study the main pheses of the development of this gedal theme
becaiseit is easier to identify the determining fadors in arestricted field.

Phase 1: Release

In 1960H.-G. STEINER read a paper at the Dissldorf conference of the MNU
(Verein zur Forderung des mathematischen und raturwissenschaftlichen
Unterrichts) on logicd problems in mathematics instruction, and produced
some new ideas for teading equations. Hisideas were influenced by TARSKI'S
bodk on mathematicd logic (1941).At that time STEINER worked at the " Semi-
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nar fir Didaktik" in M Unster where fruitful discussons among mathematicians
and mathematics teaters took place Therefore STEINER had agood kasis for
hisideas. The main response was a very well grounded paper from WASCHE
(teader at a Gymnasiumin Lilbed) in 1961 orogicd problemsin the theory
of equations and inequaliti es. This phase is charaderized by criticism and
suggestions.

The traditional handiing of equations in algebrateading was full of
conceptual wegknesss. There was a pseudo-systematic hierarchy for
equations; " identicd number equations’ (e.g. 2x3=5), "identicd | etter
equations’ (e.g. ab+ab = 2ab), "formulas’, "defining equations’,
"determining equations’, "functiornrequations' etc. It was suggested
that this terminology would be unified if one sets the problem within
the context of logic and set theory. A spedal emphasiswas put onthe
uncderstanding of the variable as a"placeholder” or asthe name of an
"empty place”.

Transformations for equations had been mainly used mechanicdly
("If you pu a number on the other side change the sign"). The stu-
dents only had avery vagueidea dou the reasonsfor the transforma-
tions. Much emphasis was therefore put on foundng the transforma-
tion rules (by rules of numbers) and to interpret the types of trans-
formation ("profit-transformations’, "deficit-transformations’, and
"equivalencetransformations").

In the traditi onal teading of equations the role of the underlying set
had been negleded. It was an important aim to make dea the in-
fluence of the ground set on the solution set. One expeded better
understanding of the diff erent number sets.

Spedal cases such as unsolvable equations or universally valid equa-
tions were negleded or not discussed under the asped of solving
equations. The result was that unsolvable eguations were considered
as pathdogicd, whereas universally valid equations were considered
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as algebraic laws and nd under the theme "equations’. Therefore the
suggestionwas made to include these types among problem sequences
of equations.

\ Inequdliti es did na play an important role in traditional algebratea
ching. Thiswas ahandicep for the teading of caculus. Thereforethe
suggestion was made to tead inequaliti es together with equations, as
"statement forms' (open sentences). One expeded a better under-
standing of the transformation rules when dscussng analogies and
contrasts. A further argument was the paossbility of getting solution
sets with more than ore solutionin an ealy stage of teading.

Withou any doult most of these ideas were acceted by progressve teaters.
Some reasons might have been:

i prediledion for predse language,
ii stimulation for theory forming,

iii fascination by modern mathematics (espedally logic, sets, and structures),

iv neal for improvement of student's understanding and skill s,
% preferencefor algebrain mathematics instruction,
Vi genera curriculum reform.

The main assurance was that by an innovation in this diredion the dgebra
teading could be improved ("Student Outcomes'). But on the other hand
personal preferences of the teaters might have had some influencetoo.

Phase 2: Methodological preparation

Stimulated by the papers of STEINER and WASCHE a gred variety of papers,
projed materials, teader training materials, and textbodks were developed,
ead o them trying to solve methoddogicd problems (or just to copy).
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It was necessary to work out the themeinto detail s. In this the papers
of LAUTER (at that time teader at a Gymnasium in Aacdien) and
WASCHE 1964were agrea step forward. They developed the frame-
work for the arricula in textbodks. (And with hindsight it is also
possbleto seethe roots of some misdevelopments).

Some conceptual problems arose when the theory was worked ot in
detail. E.g. the role of undefined terms (e.g. 1-X; il etc.) was
X_

discussed. The suggestions ranged from very sophisticaed idess
(MARKWALD) to very simple solutions (PICKERT).

Thetheory of equations had to be enbedded into the dgebra murse to
permit the development of the number systems. The main problem
was how to integrate the modern theory of equationsin anatural way.
Some criticisms made against textbodks were that the modern con-
cepts were grafted upontraditional content (e.g. against REIDT-
WOLFFATHEN 1964 . Equation theory shoud be formed fundamen-
tally from new.

The suggestion was made to start solving equations with exercises of
"systematic pladng in". The amwasto avoid ealy medhanicd tech-
niques of solving. To derive the set of solutions it was therefore ne-
cessary to boundthe groundset. Therefore finite sets were used (and
misused). This was extremely treaed in KUYPERS' textbodk 1964
(influenced by LAUTER). But the origin of thisideais STEINER'S pro-
posal to stressthe "semantic” asped of equations.

Solving equations and inequalities was understood as theory that
shoud be developed in mathematics instruction. Therefore extensive
texts were given to inform students (and teaders) about the under-
lying ideas, the use of the concepts and the founditions of the rules
andtecdhniques (SCHRODER-UCHTMANN 1967). Thiswasbased onthe
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tradition in the Gymnasium to dfer descriptive rules for handing
mathematicd subjeds. The teaders were won over to such ideas by
the modern textbooks by teader training materials (e.g. GRIESEL,
HANKE) and in inservicetraining held by "Fadleiter" (heads of de-
partment), textbodk-writers and experts in mathematics educéion
from universities and teader training coll eges. These persons aso
tried to introducetheseideasinto the syll abusesworked ot in ead of
the "Lander". In particular these dforts ("Control System™") must be
reviewed as part of a more genera curriculum revision in Germany
(DAMEROW).

Phase 3: Expansion

Most of the work dore in the first two pheses was direded at Gymnasium
students, grades 7-70 (i.e. 12-16 age-range). By 1970 these ideas extended to
influence ealier ages and schod-types.

It isa principle of the Gymnasium to tead mathematics in the lower
grades beaing in mind the needs of the upper grades. Therefore each
subjed must have its "Propadeutik™. Consequently suggestions were
made to start with equations aready in grade 5. One did equations
without transformations and developed the conceptual apparatus for
very simple caes as an application d set theory.

In the primary schod equations placénolders like B and @ were
introduced to let students work with numbers in an operational way
(PIAGET, FRICKE-BESUDEN, BECKER).

To offer equal chancesto all students, it was felt that students at the
Hauptschule shoud aso lean mathematics and nd only arithmetic
("Redhnen"). Therefore these students al so were off ered equations. (It
was an ealy suggestion e.g. by BREIDENBACH, to ded with equations
in the Hauptschule, but it was only seldom pradised). And this was
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also dore with al the conceptual framework (HOFSASS OEHL,
GRIESEL-SPROCKHOFF), which had been developed for the purpose of
the Gymnasium.

These efforts were succesully translated into syllabuses and textbodks,
because of theinfluenceof the mathematics educetors at the universities and at
the teader training colleges in their teading of future teaders, at inservice
training coursesandin thevarious s/l abus committees, and also because of the
interest groupsin the schods (supervisors, teater unions, teaders) for whom
it often wasaquestion d status to teadt modern mathematics more theoretica-
ly. And again ore must also take into acourt that this processwas embedded
in agenera development of the aurriculum andalso in the discusgons abou a
modernschod system (DAMEROW).

Phase 4: Reduction

During the last 5 years alot of criticism has arisen against the way equations
aretaught in pradice

[ There has been a strong criticism against the excess of formalism
(PICKERT, VOLLRATH, BARTH). It was €@, that e.g. the caculus of
termtransformations was unrecessary (PICKERT). There shoud beno
“ground set aaobatics'. It can be avoided by using the maximal
known number system as groundset (VOLLRATH) .

ii The influence of formal logic was felt to be too strong. Therefore
suggestions were made to make more use of the anceptual frame-
work of functions (VOLLRATH, BRUNING-SPALLEK). Equations can
arise from questions abou functions, and transformations of equa-
tions can be interpreted as transformations of functions.

iii The extensive explanations given in textbodks were felt to be too
strongly teader-oriented. New text bodks try to avoid such extensive
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descriptions (e.g. HAYEN-VOLLRATH-WEIDIG).

iv Initialy, instead of "systematic testing”, simple methods of reasoning
are used. An important aid has been the use of operators. e.g.
2x+3=11is lved by

- +
X L’ZX —3>2x+3

4 «— 8 «— 11

2 -3

Here ayain the ideaof function hesbecome anaid.

v Suggestions have been made for avoiding unrecessary formalism in
the Hauptschule and for devel oping a better understanding and ketter
skill sinworking with formulas, which are very important in the future
commercial life of the students (VOLLRATH, WINTER).

The emphasis of this phase is direded more to the neeads of the students. Criti-
cism is mainly made ajainst formalism and conceptual pomp. On the other
hand this coincides with a stream of restoration which triesto lead bad to the
past. Most of the changes in this phase ae part of a "silent reform™ of text-
bodks. Thereadions of teatersvary. Many of them, espedally in the Gymna-
sium, prefer the more theoreticd way of teading equations with a large on-
ceptual apparatus. More student-oriented teaders am to prefer the latest
approaches. Espedally in the Hauptschule the latest programs are acceted
because they are felt to take better acaunt of the limited abiliti es of the stu-
dents ("Implementation™)

Evaluation:

Asaresult of 20yeas of developing atheory of equationsfor students | would
presume;



8

More students know more &ou equations.
More students can solve eguations and inequaliti es.
More students can speak abou equations.

But | also would fea:

Many students do nd like equations.
More students do nd like inequaliti es.
Not enough students can hand e equations and inequaliti es corredly.
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