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| shall start from the essumption that, nowvadays, amost everyone needs sosme
kind of geometric knowledge and ahiliti es. Therefore, in discussons abou
geometry, didadicians shoud consider the grea variety of persons to whom
geometry must be taught.

Recat developments dow the necessty to evolve an individualized curricu-
lum which takes into acount the various neeads and ahiliti es of the students.

1. THESIS: In the devdopment of anindividudized curriculumthe needs and
abiliti es of the students $houd be given priority over the interests and prefer-
ences of teachers.

This statement shoud be self-evident. However, its formulation becomes
necessary when analysing didadicd proposals concerning the teading of
geometry. Wewill al admit, | think, that the propcsal of teading trigonometry
inthe Poincaré-model of nonEuclidean geometry to high schod studentsisan
example of possble dominating interests of teaders.

Our experience shows — espedally in the field of geometry — that enthusiasm
for atheory, aspedal liking for tricky problems, fanatic rigor, or sophisticated
philosophicd ideass may blind the teader to the neals and abilities of the
students.

As was pointed ou by KAUFMAN at the Carbondile Conference, ore of the
primary goals of CSMP was to develop an individualized curriculum for stu-
dents aged between 5and 18.Curricula shoud be developed, "which provide
for ead student a program soundin content, enjoyable, and most appropriate
for his needs and abiliti es’ (KAUFMAN 1971, 2. This gatement will underlie
my further considerations.

In my opinion, CSMP tried to evolve an individuali zed curriculum by foll ow-
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ing different approaches such as topdogy, congruence-geometry, linea a-
gebra, projedive geometry, combinatorial geometry, and general adivitiessuch
as mathematization, algebrai zation, experimental approaches, andthe use of the
geometricd language. In Germany, the teading of geometry proceeaded from
the same idea One starts with an experimental, intuitive course in the lower
grades and goes on in the intermediate grades with coursesin subjed aress of
geometry centered on ore of the mentioned theories, thusteading in amore or
less deductive way. Didadicd discussons have mainly been concerned with
finding the most suitable mathematicd theory to serve s abadkground Thisis
not avery fruitful starting point for developing an individuali zed curriculum.

2. THESIS: An individudized curriculum which satisfies the needs and alili -
ties of students cannd be designed by varying the geometrical theory as an
organizing ginciple.

We can agreewith KAUFMAN when he says:

"To have a truly individualized curriculum, ore must take into ac
court the diff erent views of mathematics held by various people ...
Eadch has needs that some form of mathematics can fulfil. Each can
enhance his srvicesto society by bringing to his vocation an ‘appro-
priate’ badkgroundin mathematics" (KAUFMAN 1971, 23).

Although the necessty of teading geometrization and emphasizing eredive
and problem-solving aspeds is sen (SCHUSTER 1971, more or less ystem-
oriented courses are still predominant in high-schod educaion. Thisis due, |
fed, to the fail ure to develop convincing principles for organizing teading in
afashion suitable for the diff erent aspeds of geometry.

3. THESIS: Individualized curricula can ke devdoped by varying the guide-
lines according to the different views of geometry.

| would like to pdnt out diff erent views of geometry and develop for eat of
them adequate guidelines for designing individuali zed curricula.
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4. THESIS: The teaching d geometry to dl students in mathematical edu-
cation can orly be justified if we succeeal in ewlving dfferentiated curricula
for geometry teaching.

1. Geometry as an inventory of mathematical theories

This is a paint of view from which many mathematics teaters who give
priority to the reaptive asped seegeometry. Geometry has been taught in this
perspedivefor generationswithou it being questioned. The other aspeds such
as applicaions (e.g. ballistics, etc.), problem solving, and the properties of
space (e.g. optics, medhanics etc.) were subardinated to this asped. Many
proposals have been put forward in the last yeas to use diff erent geometrica
theories for teading purposes. These dtempts were focussed on

formal gods: Which theory can best acourt for mathematica thin-
king. content-oriented gods: What content is most important in
geometry? students ahiliti es: Which geometricd theory allows the
easiest approach to geometry?

Among the numerous competing propaosals | would like to pant out some
effedive and well -tested ores that seem important for future teading.

Theidess of transformation-geometry have proved eff edivefor grades 7 and 8.
In Germany, mapping-oriented courses were developed and pradiced after the
proposals made by WILLERS (1962, FLADT (1956, JEGER (1964 and FABER
(1958.

The discussons abou foundng geometry on the principles of refledion (WiL-
LERS 1962 FABER 1958 or competing, on affine mappings (PRADE 1966
seam largely geaed to the personal preferences of geometricians.

| think that JEGER's Constructive Transformation-Geometry and STEINER'S
proposal at the Carbondale Conference(STEINER 1971 ) to make use of congru-
ence mappings as a foundation for geometry aptly summarize the ideas of
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transformation-geometry. The concept of group has become aguideline for
some fruitful activities as was recommended by the OEEC 'SYNOPSS and
the Carbondile Conference Convincing examples of appli cations of theideas
of the 'Erlanger Programme' are provided by the systematology of the quadran-
gle by means of symmetry groups (BAUERSFELD 1961/1962 and DIENES
adivities.

A broad dscussonwas brought on by the mwnception d linea agebra. DIEU-
DONNE (1969), CHOQUET (1970, SERVAIS (1967) and PAPY (1965 made
valuable mntributions to this approad for intermediate grades. PICKERT used
the mnception d linea algebra for axiomatization at the Aarhus Conference
It seems adequate for teading classes from grade 11 upvard.

Spedal geometries such as inversive geometry (COXETER 1971), geometry of
Polygons (BACHMANN 1971), incidence geometry (ZEITLER 1970, and finite
geometry seem mainly to serve as a formal training to mathematicd ways of
thinking. When evaluating these goproadies, one shoud consider the predous
short time the students have & their disposal. It shoud be questioned whether
these goals could na be equally well readed by adivities centered onmore
important contents.

Finally, many proposals have been made for making use of topdogicd idess
for teading geometry. | refer to HILTON, KELLY, PAPY (1971), WALLRABEN-
STEIN (1973, and WEIDIG (1970. These have been succesSully pradised asa
problem-oriented introduction at the primary level, partly proceealing from
PIAGET's theory of the development of geometrica thinking.

All these goproaches tend to tead geometry as a ready-made product derived
from a badkgroundtheory.
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2. Geometry as an inventory of concepts and theorems for constructing
theories

This is a paint of view from which mathematicians who stressthe aeaive
aspeds seegeometry. The aiticism of an instruction conceiving of mathema-
ticsas arealy-made product led to new organizing principles. With the ideaof
genetic teading (for a more detail ed expaosition: cf. WITTMANN 1974) KLEIN
(1908, ToerLITZ (1949, and WAGENSCHEIN (1961) made important sug-
gestions. This principle dlows afruitful instruction

focussed on aimomatization

(e.g. FLADT's 'Paralelenlehre, 195). PICKERT gave an example of plane
geometry at the Aarhus Conference

FREUDENTHAL'sideaof 'locd ordering' has gimulated thedidadicd discusson.
At the Oberwolfact Conferencein 1962 ,GRIESEL, KIRSCH, and STEINER made
interesting propaosals for axiomatization exercises.

Important adivities in this conredion are: The definition d concepts, the
seach for primitive cncepts, the forrnulation d theorems, demonstrations,
proof analysis, theseach for logicd relations, the amparison o diff erent defi-
nitions of a cncept, the cwmpilation d an inventory of theorems, general-
ization and the discusson o methods.

But there is the danger that teaders use the ideaof 'locd ordering' as a jus-
tification for presenting alocdly ordered geometry as a ready-made product.

3. Geometry asan inventory of strategiesfor solving problems

This is another paint of view from which credivity-oriented mathematicians
look at geometry. The stimulating power of geometricd problems has also
caused norrmathematicians to become interested in mathematics. In the peda-
gogicd discusson, poblem-oriented teading has become very important.
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Problems are used for motivation and appli cation puposes and as central sub-
jeds of instruction.

Analysing propcsals for a problem-oriented geometry teading, ore mainly
finds courses

focussng on amathematical backgroundtheory.

Problems are used to |lead to the discovery of theorems which provide solving
strategies for further problerns. Obviously, this ideadoes not make for a sub-
stantial new approach.

Traditional instruction made use of colledions of similar problems such as
triangle constructions, geometric loci. These were

centered onthe systematics of the subjed

(e.g. varigtion d the given elements). As we know, this is a very important
formal principle: It may serve to fadlit ate remlledion and telp finding ared
thread. But | think that it has been somewhat overstretched in traditiona in-
struction. It may happen that problemsthat are more diff icult to solve than later
ones are treaed first. Therefore, this orientation may turn out to be more of a
limitation than a help.

Recent propasals concerning stimulating problem sequences (WAGENSCHEIN
1961WITTENBERG 1963 ENGEL 1971) are often

centered on asubjed area (WITTENBERG),

(e.g. optimization (ENGEL), subdvision d the plane (ENGEL), and simil arity
(WITTENBERG)). For the discusson onthis contribution, refer to WITTMANN. |
consider this ideaof subjed areato be afruitful orientation for a geometry
course in which problems dominate.

If such asubjed areaisrelated to an every-day projed —business or science—
we obtain a sequence of problems
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(e.g. tiling, colouring of maps (DYNKIN, USFENSKI 1955). These adivities
appea in many curricula nowadays.

From the experiencegathered in coursesin which students aretrained in order
to sit afinal examination a amathematicd competition (Olympiad), problem
sequences have been developed that are

centered onsolving strategies

which operate with a growing degreeof difficulty. This principle has overrun
traditional algebra instruction (LENNE 1969. | think it is useful for locd or-
ganization orly.

An interesting problem-oriented instruction can be provided by courses
focussng on ganes.

A stimulating exampleis suppied by SCHUPPs "nine men's morris-geometry".
He compiles a wlledion d problems by considering the nine men's morris-
configuration as a finite geometry.

Problem-oriented instruction is mainly motivated by the interest in formal
goals. Important adivities are: The transformation o aproblem, the search for
similar problems whose solutions are known, the finding of an assumption, the
development of solving strategies for several types of problems, the cmpari-
son of different solutions, and the development of new problems through
problem solving (WITTMANN).

Problem-oriented teaching can further credive thinking, and motivate for
mathematicsin genera. But one must also seethe posdble discouraging effed
of difficult problemson ursuccessul students, or the stupefying eff ed of mere
exercises on gifted leaners.
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4. Geometry as an inventory of theoriesfor action

Many people need geometry as a badkgroundfor technicd and constructional
purposes, or for manipulating instruments, to make dedsions, etc. Even for
these students, geometry has been taught in a more or lessdeductive, system-
oriented way. Pradicd problems or adivities are only used to motivate and
provide applicaions. | think teaders are too fixed upontheir mathematicd
way of thinking. It shoud be our goal to devise ways to achieve abetter inte-
gration of pradice One of these ways samsto be the development of leaning
sequences

geared to the use of instruments.

The clasgcd problem of the constructions possble with a pair of compasses
and a straight-edge led to hairsplitting, as a result of permitting only these
instruments to be used. But it seams natura to start by exploring the poss-
biliti es of these instruments. Another methodis to consider the constructions
possblewith an archited's drawing machine andtotry to explain how it works.

Other guidelines sich as the question o the nstructions posshble with a
mirror-ruler (PROKSCH 1956 or a parallel-ruler (PRADE 1966 can supdy
diff erent geometricd theories of the plane.

Lesons can also center on spedal types of instruments such as lengthmeasu-
ring instruments (explanation d the Vernier scae).

For professonal education, it may prove useful to design urits of instruction
centered on a pojed,

(e.g. the drawing of afloor by an archited. | refer to FLETCHER's Archited's
Geometry).

Anather example may be supgied by road bulding: Thefinding of the shortest
way between two vill ages, of the point with the minimal distancesumto three
other paints, the onstruction d curves and tangents, the planning of curves
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allowing certain maximum speeds etc. These adivities can readily lead from
elementary to dfficult questions.

Some time ajo the news told us that all our maps were ideologicd, becaise
underdeveloped parts of the world were too small onthese mapsin relationto
developed parts. It was annourced that aredistic map had nov been drawn.
Such a statement can be amotivation for studying cartography questions. It is
easy to develop dff erent types of projedions from a sphere ona plane. They
may first be described constructively. Questions concerning the invariants of
the used mappings such as areg length, and angle may be answered through
elementary considerations for someimportant types. These problems may then
be discussd at a higher level by means of analytic methods. The necessary
todsare made avail able by anintroduction d parametric representations of the
sphere, the plane, and mappings. In aprojed, we muld start with the drawing
of a dty map (simil arity questions), which could leal to the wnstruction d a
world map. The subjed areaof map-colouring can bevery fruitfull y integrated.

Another example of thisisthe study of roof construction. The diff erent kinds
of roofsused in howse and church bul ding throughou Europe can be analysed
interms of the observed surfaces and solids, beginning with plane surfacesand
going onto ruled surfaces, which can also be seenin modern architedure. The
projed can be extended to cover roof statics, which can provide an interesting
accessto vedors.

Applicaions of geometry to econamics guch as linea optimizaion, a the
methods of linea agebrain the theory of the market may be useful for courses

centered on adsto dedsion making.

The mentioned theories sioud na be used as appli caions but as the results of
mathematizaion. PAPY's experiments with 'shopping lists' resulting in vedor
spaces show apaosshility of teading linea algebrain apradice-oriented way.
| see agred potential of motivations in the nearnessof pradicefor pradice-
oriented students, a dhance to prepare them for their future professond life



10

and for pradising an adivity-oriented teading. On the other hand, we shoud
see the danger of remaining at the merely technicd level withou the geometri-
cd ideas being understood.

5. Geometry as an inventory of theories of space

FREUDENTHAL and WAGENSCHEIN have pointed ou that students need fun-
damental geometricd insightsinto space WAGENSCHEIN recdl sthe Greek idea
of geometry as "mathematics out of the eath". FREUDENTHAL qudes many
examples of fundamental stimulating questions sich as

"Why does a pieceof paper fold along a straight line?
Why isthe straight line the shortest?
What istherelation between the red andthe gparent size of abody;
What isarigid motion onthe sphere?' (FREUDENTHAL 1973, 403
Possble learning sequences may be
centered onmathematizing the environment of the students.

The study of geometricd objeds and their interrelationships in the dasgoom
and the perfomance of experiments with solids — to have the students gain
experience with shapes, surfaces and solids — are pradised in al kinds of
modern elementary mathematics instruction. Pionee'swere TREUTLEIN (1911)
and VAN HIELE (1957). However, na only the more or lesstechnicd environ-
ment of children shoud be analysed. As WAGENSCHEIN recommended, we
shoud try to uncderstand ou natural enviroriment, too, by means of geometry.
| redized the necessty to doso when | witnessed the experience of aboy from
Berlin for the first time sedng the night sky from thetop d amountain in the
Odenwald. He was only acastomed to the sky signs of the aty.

The study of nature can be adieved by courses
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centered on plysical experiences.

The most important physicd theories resorting to geometry are mechanics,
optics, and the theory of relativity. In physics, geometry is applied to okserv-
ations as a fitting theory. For geometry teading, it is important to derive a
theory from a geometrizaion d nature. This approach may be diff erent from
that of physics teaders and we caana exped physics teaders to tead the
processof the mathematization o nature.

These questions can leal to more genera problems of space which might be
interesting for students concerned with phlosophicd questions. Therefore, |
want to pant out courses

focussng onthe problem of space

The discussons about teaching non-Eucli dean geometry refer, besidestheidea
of axiomatizetion,totheided of achieving competing modelsof redity. | think

the approaches based onthe Klein- or Poincaré-models are nat very fruitful,

being tooremote fromredity. The morefruitful approach might be provided by

the Minkowski-geometries as recmmmended by LAUGWITZ in 1958 PICKERT'S
approach to ametric through the anicsat the Carbondile Conferencemay aso

lead to such considerations.

Finally, | would like to state that it is predsely at atime when spacetravel is
topicd that spheric geometry has sunk into oldivionin mathematica education.
My pant isnat to restore the excesgveteading of spheric trigonametry, bu to
suggest that our traditional goodrelation to astronomy shoud be aulti vated.

A geometricd course organized from the point of view of spacetheory can
make important contributions to a higher educaion which enables sudents to
better uncerstand their environment and form a modern conception d the
world. It may convincefuture non-mathematicians that geometry is an import-
ant tool for describing and uncrstanding nature. So they might derive moti-
vations and aids for ill ustration puposes. But this approach may also prove a
hindrance to further studies in geometry which are not so close to questions



12

related to nature. Another well -known danger isthat the experiments have such
persuasive power that the nead for a prodf is often overlooked.

6. Geometry astheresult of solved problems

Thisisapoaint of view of spedalists interested in intellecdual history. In ds-
cussons abou genetic teading the ideawas formed to develop courses

centered onthe historical devdopment of a problemandits slution.

ToEPLITZ recommended this as a'dired genetic method. He hoped to manage
to motivate people for mathematics who hed been frustrated by mathematics
presented in an urinspiring fashion. Good examples of fruitful appli cations of
this idea ae: The development of the problem of the aonstructions posshle
with apair of compasses and a straight-edge, or the determination d asurface
(ToEPLITZ 1949.

A course may also be
focussed onthe contributions of animportant epoch of man'sculture.

Examples of this approach are the theory of propartions, the spaceproblemin
the 19h century. These orientations give the oppatunity to try to establish
social and philosophicd relations.

For students at a higher level | could imagine studies
centered onthe geometrical contributions of a famous mathematician
Examples are DESCARTES, RIEMANN, HILBERT, and KLEIN.

In this perspedive, typicd adivitieswould be: Thereading of an ariginal text,
thetrandation o old phrasesinto amodern mathematicd language, thereading
of comments, the analysis of mathematicd, phlosophicd, or social relations-
hips, of different solutions, the discusson d varying formulations of a pro-
blem, the discusson d a problem from a modern pant of view, the investi-
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gation d the influence of spedal problem formulations on recent reseach.

Theteader may introducemathematics as aresult of eff ortsto solve problems,
so that mathematics appeas as a living science. From a social point of view,
mathematics can be studied as the result of reseach at a spedfic timein a
spedfic environment. But one must ses that thisis atedious method,which is
neither fruitful for al geometries nor for all students. Furthermore, it has not
yet been satisfadorily developed as ateading strategy.

7. Geometry as an inventory of forms

We know of geometric studies by famous artists in history. These examples
show that we shoud also see the nee for art-oriented courses in geometry.
These can be

centered onthe observation and anéysis of forms

in nature (nets, tisaues, cristals, etc.), in architedure (e.g. symmetry of gothic
churches), and arts (e.g. ornaments). | would like to recdl the historic dis-
cusgons abou the role of the golden sedion and about perspedive drawing.
Questions concerning deseriptions, the analysis and the generation d forms
make for an interesting instruction. From primary educaion orwards children
shoud become famili ar with the variety of geometric formsandrelations. And,
as can be seen, most modern elementary courses try to dothis. But we shoud
also try to make these ideas fruitful for students at a higher level.

The above reviewed conceptions of geometry are surely not exhaustive but |
hopethat | have @mnsidered the most relevant for didadica discusgons.

It shoud bedifficult to associate unequivocaly every adivity used in geometry
teading with a speda conception d geometry — which is not so much the
point as the furtherance of the search for new adivities.

Some genera principles for organizing mathematics educaion have been
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quaed. Asfar as| can seg these ae mnsistent with my refledions.

This exposition d the diff erent posshiliti es of organization is meant to help
the planning of geometricd education.

For global planning:

We could emphasize aspecia view of geometry in a aurriculum for
aspedal group d students.

For locd planning:

We could arrange different adivities related to dfferent views of
geometry in aleaning sequencefor aspedal group d students.

Remarks

This paper was read at the ICMI-IDM Regional Conference on the Teaching of Geometry, Biele-
feld 16-20 September 1974

| would like to thank Mr. Ledauff of IDM for his help in shaping the English.
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