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It is one objedive of teading analysis in the secondary schod to enable the
students to use the rules corredly. Ancther aim is to tead them the founda
tions of thetheory. But unfortunately the proofs are often too dfficult asto be
found by the students themselves or even to be understood ty them on an
elementary level. Therefore we must look for seleded topics which can be
approached by the students mainly on their own. These topics $oud be
important enough for the df orts of the students.

We show in an example how algebraic methods can give the students an ideaof
a small theory which they can find by themselves and which is relevant to a
larger part of analysis.

1. The derivative of a polynomial function

The first class of functions discussed in analysis teading is the set F of
poynomia functions

f: x - ax+..+ax+a, xeR, aeR, k=0,...,n.

Because wewant to consider such functions as algebraic objedswe define sum
and product:

f+g x - f()+9(x),
f-g x - f(X)-g(x).

By these definitions (F, +, -) forms an integral domain with 0 : x — 0 as

additive neutral element and 1: x — 1 as multiplicaive neutral element.
Now f can be written as

(A) f =a,"+..+a| +ay,
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withl: x -~ xand a : x — afor any acR. Let the derivative Df of f befound
as

. -1
Df:Xx — nax™+..+2ax+ a,
or

(B)  Df =nd,I "+, Rd,1 +5;

This can be dore by cdculating

lim f (x+h) =1 (x)
h -0 h
or inapure dgebraic way:

f (x+h) = f (X) + Df (X) —h (mod h?)
by congruences moduo i (LEvI 1969.

D isamapping of F into F. The students get the problem to charaderize D
algebraicdly.

2. Algebraic characterization of the derivative

It isatypicd problem of modern mathematics to charaderize an ojed by its
genera attributes. It isthe beginning generalization of a mathematicd method.

Tofindasolutionwe can transform the problem into the question: Which rules
have we to know for the derivatives of the 'building stones of f to be aleto
find Df ?

We show a posshle way of answering that question. A first caaogue of
axioms may be foundas foll ows.

fisasumof functions. We shoud know D (f + g). Comparing(A) and (B) we



find
() D(f+g)=Df+ Dg.
Thesum (A) consistsof prodwctsof type af . What can wesay abou D(af )?
Wefind again by comparison
() D(af)= a Df.
We shoud also know D(I"). (A) and (B) give us
(ay D" =n"t
Arewe ready now? Since(lll) isonly defined for n> 1wedid ndgetD 1 .
We postulate
(V) D1=0.
We now show that (1)-(1V) isa complete system of axiomsfor D. We conclude

1) =apl = a0 =0,

(1) (

D)

Da =D( 7)

and by induction

D(f,+ +f)=Df +--+ Df.
This delivers (B).

But we now discussour system of axioms. (l1l) isnot simple enough, becaise
it can be built up by the 'building stone' I. We can find anew system of axioms
for D by askingthe question: What shoud we know to be aleto prove (lll) by
indwction? For the first step of the inductionwe need DI. Wefind by (A) and

(B)



(V) DI=1.

For the seandstep of theinductionwe must be &leto expressD(If). Wefind
by (A)

It =a, 1" 412 +3y1

by (B)

D(If) =(n+1)a, "+..424a;| +a,
=na, | "+..43y ] +3,1"+.+ay ]+,
=Idf +f.

We therefore demand

(V) D(If)y =f +Idf.

We can replace(lll) by (V) and (VI). But thisis too much. We only need
(V1), because, if we take & ®0ndsystem

(I) D(f + g) = Df + Dg,
() D(af) =apf,
(V) D1=0,

(VI) D(If) = f +1Df,

we can prove

andthisis(V). Againfrom(Il) and (IV) weget Da =0 , and by inductionwe
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now can prove (I1) : D(I") =nI™*. Another induction cElivers again
D(f,+...+f) =Df,+... +Df,.

Sowefind(B). Thederivativeisagain charaderized by an algebraic system of
axioms.

(1) and (1) show that D isan endamorphism of the modue F over R. Isit aso
an endamorphism concerning the multiplication? We shoud know D(fg). By
generaizing (VI) wefindthe suppasition

(VII) D(f -g)=Df -g+ fDg
and proveit. Thisgivesathird system of axiomsfor D:
() D(f +g) = Df + Dg,

(I) D(af) =aDf,

(V)DI=1

(VIl) D(f -g) = Df -g+ fDg

We can now prove D1 =0 becaise

Df =D(f Ei)( :)Df [1+f1,as00=fDI.
VI
If f#0weget D1=0,thisis(IV), sinceF isintegral domain. Again by (I1)
and (IV) weget D3 =0 and by induwction
D(IM=nI"! and D(f,+-..+f,)= Df, + - - - + Df,.

Therefore D is again charaderized by a system of algebraic axioms. From the
algebraic paint of view D is the derivation (KUROS 1964 of F withDI = 1 .
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3. The problem of inversion of a mapping

Doesthere exist an inverse mapping to the mapping D of F into F? Evidently

nat, because, eg., D(I +4 ) =1 = DI. Thereforeit happens that two diff erent
functions have the sameimage under the mapping D. We now want to know all
functionsf with the same image Df. We define:

f~g < Df =Dg
def

is an equivalence relation given by the homomorphism D. The dass of
functionsg equivalent tof is

f_:{g|Df =Dg} .

We want to know more éou this class
Dg= Df — Dg+ (- Df)=Dg+D(-f)=D(g-f)= 0.
We neel the set of all functions mapped on 0 . Let

g =Cpl M+ 4G+

be an arbitrary functionwith Dg = 0 . Then

|m_1

0=Dg=mcyl "L+ 45 .

Therefore &, =Cp_1 =..=¢ =0 . We dready know D&, =0 . The set of all
functions mapped on 0 is therefore {5|a DR}, the kernel of the

homomorphism (KURO51964) . Every classf can be written as

f':{f +dla DR} .



Let F_:{f_|f DF} . The mapping

3F - F withd(f) =Df

isanisomorphism. Thisill ustrates the Homomor phism Theorem. Our algebraic
consideration makes clea the mnredion between derivative and indefinite

integral. f consistsof al indefinite integrals of f.

4. The extension of a mapping

Another typicd algebraic problem is to find an extension d a mapping to a
larger domain. In ou case, we ask for an extension d D to thefield of rationd
functions, so that the extensionis again aderivation.

Let D be anextension o D, thenforf, g ¢F, g# 0 , wefind

f =D((f/g)g)=D(f/g)g+(f/g)Dy.

Multiplication by g,

gDf =D (f /g)g2+ Dy,

thisdelivers

With Df =Df foral f e Fwehave aderivationwhichisan extension o D. So

we have foundin apure dgebraic way therulefor the derivative of aqudient.
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This program can be extended, e.g. there can be discus=d linea diff erential
equations by using operators (LIERMANN 1966.

In certain analysis courses (in German High Schools) it is usual only to trea
poynomia functions or rational functions. Inthiscaseit could be suitable to
restrict oneself onalgebraic methodswithout using limits. Suggestions may be
foundin (LEvI 1968.
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